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Abstract
Joint physically and chemically pattered surfaces can provide efficient and passive manipulation of fluid flow. The
ability of many of these surfaces to allow only unidirectional flow mean they are often referred to as fluid diodes. Synthetic
analogues of these are enabling technologies from sustainable water collection via fog harvesting, to improved wound
dressings. One key fluid diode geometry features a pore sandwiched between two absorbent substrates, an important
design for applications which require liquid capture while preventing back-flow. However, the enclosed pore is particularly
challenging to design as an effective fluid diode, due to the need for both a low Laplace pressure for liquid entering the
pore, and a high Laplace pressure to liquid leaving. Here, we calculate the Laplace pressure for fluid travelling in both
directions on a range of conical pore designs with a chemical gradient. We show that this chemical gradient is in general
required to achieve the largest critical pressure differences between incoming and outgoing liquids. Finally, we discuss
the optimisation strategy to maximise this critical pressure asymmetry.
Introduction
Structured surfaces which control the direction of motion
of liquid droplets are prevalent in nature [1]. Strong direc-
tionality is enabled by surfaces which have both physical
and chemical gradients, demonstrated for example by the
textured conical spines of the cactus Opuntia microdasys
[2], the spindle-knots of spider silks [3], and the ratcheted
surface of butterfly wings [4]. This directionality is a result
of a driving force from the combined effects of a Laplace
pressure gradient across the droplet, caused by the physical
structure [5, 6], and a surface energy gradient under the
droplet, caused by a chemical pattern [7, 8].
Inspired by these biological examples, there is substan-
tial interest in synthesising structures which enforce unidi-
rectional liquid flow - fluid diodes [9]. The technological
applications of fluid diodes span numerous and ambitious
fields focussing on efficiency and sustainability [10], such as
oil-water separation [11] and water purification or fog har-
vesting [12]. Fluid diodes are being realised in a range of
geometries, such as across surface structures [13], along a
porous strip [14], through the thickness of a material [11],
and within microfluidic channels [15].
The optimal performance of a fluid diode relies on main-
taining a high contrast in the force required to transport
fluid through the diode in the forward direction, compared
to the reverse direction. One geometry in which this remains
particularly challenging is the enclosed pore, illustrated in
Fig. 1. In this geometry, a pore through an impermeable
membrane is sandwiched between two absorbent substrates.
The diode ability here arises from the critical pressure asym-
metry - the difference in the maximum Laplace pressure
(critical pressure) required to force liquid from the bottom
substrate to the top substrate, compared to the reverse di-
rection. Such a design is particularly suited to a range of
applications in which fluid should be readily absorbed into
the diode, but not be able to pass back out. Cleaning
and hygiene are two notable areas where such applications
are prominent. In these, the diode would both facilitate ab-
sorption of liquid from a surface, such as skin, into a porous
material while also preventing back-flow out of the mate-
rial. General and widely-used potential applications include
diapers, cloths, and towels [16]. However, the fluid diode is
also gaining interest in high-performance innovations, such
as sports textiles which absorb and remove sweat to cool
the body, but are waterproof from the outside [17]; and
wound dressings, in which excess fluid should be selectively
absorbed out of the wound to improve healing and reduce
infection risk [18].
Here, we explore the diode capabilities of a conical pore
augmented with a chemical gradient. Conical pores, or
pores with a variation in cross-sectional width have been
shown in microfluidic fields to enable effective passive reg-
ulation of fluid flow, with a key application being the cap-
illary burst valve [15, 19, 20, 21]. Furthermore, substantial
progress has been made in calculating the maximum Laplace
pressures for liquid entering physically textured surfaces, see
for example [22, 23], as well as liquid exiting physically tex-
tured surfaces of axisymmetric and non-axisymmetric cross
sections [24, 25]. However, the enclosed geometry, efficacy
at preventing back-flow, and the impact of chemical pat-
terning have never been discussed.
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In the Outgoing critical pressures section, we begin by
calculating the Laplace pressure for liquid leaving the pore.
In the Incoming critical pressures section, we calculate the
Laplace pressure for liquid entering the pore. We then com-
pare the incoming and outgoing maximum Laplace pres-
sures, using the critical pressure asymmetry to measure the
strength of the diode in the Critical pressure asymmetry
section, before finally optimising the chemical pattern to
produce the maximum possible critical pressure asymmetry
in the Optimum asymmetry section.
Results and discussion
Outgoing critical pressures
Setup
The model setup, illustrated in Fig. 1, features a liquid-
impermeable membrane shown in shaded grey, punctured
by an axisymmetric (conical) pore of wedge angle α. With-
out loss of generality, we restrict α to the interval [0, pi/2],
so that the smallest pore radius R1 is always located at
the bottom of the system, and the largest pore radius R2
is located at the top. For α > pi/2, we need not perform
additional calculations, but rather turn the pore as shown
upside-down, and exchange the roles of incoming and out-
going critical pressure. In addition to a physical gradient,
we employ a chemical gradient in the form of the local
contact angle θ(r) which varies from θ1 at the bottom of
the pore to θ2 at the top. Although any variation in con-
tact angle can be chosen, we employ a linear variation to
most closely compare with the linear physical gradient of
the conic profile, where
θ(r) = θ1 + (θ2 − θ1) r −R1
R2 −R1 . (1)
As the primary focus of this section is to model the pres-
sure required for liquid to exit the pore, the contact angles
used in the analysis throughout should be treated as the
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Figure 1: 2D illustration of the axisymmetric pore construc-
tion and outgoing meniscus profile, the axis of symmetry
shown as the thick vertical line. Liquid is shown in blue,
with vapour shown in white.
advancing contact angles on a surface where hysteresis is
present.
In a fully enclosed pore, the top of bottom surface of the
liquid-impermeable membrane are in contact with liquid-
absorbent substrates, shown as cross-hatched areas in Fig.
1. For considering the outgoing critical pressure, the bottom
absorbent substrate is modelled as an infinite liquid reservoir
from which the liquid meniscus rises upwards into the pore.
The top substrate is modelled as a perfect liquid sink: as
soon as liquid reaches the top of the pore or contacts the
upper surface, the diode breaks down.
We consider the surface to be smooth with the only pin-
ning sites occurring at the sharp corners at the top and
bottom of the pore, and we work below the capillary length
so that the liquid meniscus assumes a spherical cap geom-
etry for all values of the contact line radius r. To ensure
this, the pore size should typically be less than several mil-
limetres, as for example, the capillary length of water is 2.7
mm, while for a low surface tension liquid such as hexane,
the capillary length is 1.7 mm. We also consider the system
to be larger than the longest range van der Waals forces
(approximately 100 nm [26]), so that disjoining-pressure
modifications to the liquid-vapour interface shape close to
the contact line are negligible. The pressure difference ∆P
across the liquid-vapour interface is therefore described by
the Young-Laplace equation appropriate for a spherical ge-
ometry: ∆P = 2γlv/R, where γlv is the liquid-vapour in-
terfacial tension and R is the radius of the sphere. This
spherical cap model also implies we treat the fluid con-
figurations as static; the impact of fluid velocity on burst
pressures can also be important, but is outside the scope of
the current work. For instance, such dynamical effects have
been studied in a variety of porous structures [25, 27, 28].
Throughout, we nondimensionalise the Laplace pressure so
that ∆Pr = ∆P/(2γlv/R1). For convenience, we also
nondimensionalise all radii with respect to R1, so that for
example, R′ = R/R1 and R′2 = R2/R1.
We note here that although we label the fluids as ’liquid’
and ’vapour’, as the methods only require a knowledge of
the contact angle at the three-phase contact line and the
fluid-fluid interfacial tension, the analyses presented here
are entirely general for any pair of immiscible fluids, such
as oil and water.
Using the construction in Fig. 1, the outgoing Laplace
pressure ∆P outr may be described as function of the reduced
contact line radius r′ = r/R1,
∆P outr =
1
r′
sin
[
θ1 + (θ2 − θ1) r
′ − 1
R′2 − 1
− α
]
. (2)
Finding the critical outgoing pressure ∆P outc then be-
comes finding the maximum value of ∆Pr as r
′ is increased
from 1 to R′2. As soon as the contact radius reaches R
′
2,
the liquid will be spontaneously absorbed into the top sub-
strate. It is possible that the apex of the meniscus contacts
the upper substrate before r′ = R′2, but we reserve discus-
sion of these cases to the section entitled ”Influence of the
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Figure 2: (a) Example plots of each of the four outgoing
reduced pressure variations with r′, with insets magnifying
the local maxima/minima. The local maxima of each varia-
tion is associated with one of three critical meniscus types,
illustrated in (b).
top substrate: B’ and I’ critical menisci”. To begin with, if
we only allow liquid to be absorbed into the top substrate at
r′ = R′2, then ∆P
out
r exhibits four characteristic variations
with r′, depending on R′2, θ1, θ2, and α; representative
examples of each are plotted in Fig. 2(a), where we fix
α = 45◦, R′2=6.
Variation 1 and the bottom-pinned (B) critical menis-
cus
The first variation, shown as the dotted red line, shows that
for r′ > 1, ∆P outr decreases monotonically with r
′. When
r′ = 1 however, the contact line is pinned to the bottom
of the pore. The Gibbs pinning criterion of a contact line
at a sharp corner [29, 30] then permits a continuum of al-
lowed pressures, as the pinned contact angle may vary from
θ1 with respect to the bottom surface of the impenetrable
membrane, to θ1 with respect to the sloping pore wall. This
is shown as the vertical dotted red line at r′ = 1. The criti-
cal pressure here occurs in the bottom-pinned state, labelled
the B-state in Fig. 2(b), where,
∆P outc (B) = sin
[
min(θ1 − α, pi
2
)
]
. (3)
For θ1 − α < pi/2, ∆P outc (B) occurs when the interface
depins from the sharp corner, such that the contact angle
at the contact line is equal to θ1. For θ1−α > pi/2 however,
∆P outc (B) happens when the contact angle reaches pi/2−α,
before the depinning event, because the maximum possible
critical pressure for the system is attained here at R = R1.
Variation 2 and the top-pinned (T) critical meniscus
The second variation, shown as the dashed cyan line in
Fig. 2(a), shows a monotonic increase of ∆P outr with r
′.
The critical pressure therefore occurs at the point when the
contact line reaches the top of the system at r′ = R′2, where
θ = θ2. This is labelled the top-pinned (T) state in Fig.
2(b). In this case,
∆P outc (T) =
1
R′2
sin (θ2 − α) . (4)
Variation 3 and the intermediate (I) critical meniscus
The third variation, shown as the solid black line in Fig.
2(a), exhibits a non-monotonic variation with r′, and a local
maximum at intermediate values of r′, labelled the I-state in
Fig. 2(b). The upper inset panel highlights the local max-
imum in a vertical magnification. To solve for the critical
pressure, we aim to find stationary points of ∆P outr in Eq.
(2), such that the critical contact line radius r′c ∈ (1, R′2).
This amounts to solving,
1
r′c
(
θ2 − θ1
R′2 − 1
)
cos
(
θ1 + (θ2 − θ1) r
′
c − 1
R′2 − 1
− α
)
− 1
r′2c
sin
(
θ1 + (θ2 − θ1) r
′
c − 1
R′2 − 1
− α
)
= 0, (5)
for r′c, such that ∆P
out
r is maximal, yielding ∆P
out
c (I). In
general, this is not analytically solvable and instead must
be solved numerically. Interestingly, such a local maximum
cannot exist for a chemically homogeneous pore: rather it
is result of the competition between physical and chemical
gradients. To illustrate this, we consider the example shown
in Fig. 2(a) (solid black line), for which θ1 < pi/2, but
θ2 > pi/2. Physically, as the contact line radius r
′ increases
from 1 to R′2, this tends to increase the droplet radius R
′
and hence reduce the magnitude of the Laplace pressure.
Chemically, the simultaneous increase in local contact angle
tends to reduce the droplet radius R and so increase the
droplet pressure. When the I-state exists, it is therefore due
to the balancing of these two effects.
Variation 4 and the B and T critical menisci
Instead of a local maximum, the fourth variation, shown
as the double-dashed magenta line in Fig. 2(a), exhibits
a local minimum. The lower inset panel highlights the lo-
cal minimum in a vertical magnification. This behaviour
is observed when solving Eq. (5) which yields a minimal
solution of ∆P outr . Thus, both the B-state at r
′ = 1 and
3
the T-state at r′ = R′2 become local maximisers of ∆P
out
r .
Which state globally maximises ∆P outr is found by com-
paring Eq. (3) and Eq. (4). We detail this comparison
in the Outgoing critical pressures visualisation section. We
further note that here, both the B-state and T-state have
negative Laplace pressures. It is possible for the B-state to
have negative Laplace pressure (whereby θ1 < α) if θ2 is so
small that the Laplace pressure becomes more negative on
increasing r′ from 1 to R′2,
Influence of top substrate: B’ and I’ critical menisci
When the liquid meniscus is convex, the centre of meniscus
may contact the top of the pore before the B-state or I-state
critical pressure is reached. We denote the bottom-pinned
contacting state B’, and the intermediate contacting state
I’. We note that a top-pinned contacting state cannot occur,
as this would require the centre of the meniscus to contact
the top absorbent substrate before the three-phase contact
line. For clarity of notation throughout, we refer to a liquid
meniscus as being convex if the droplet forms a converging
lens, such as the B-state in Fig. 2(b), and concave if the
droplet forms a diverging lens, such as the T-state in Fig.
2(b). In Fig. 3(a), we construct the total height of the
liquid meniscus as the sum of the height of the contact line
zc above the pore bottom, and the height of the spherical
cap above this hc. Noticing that hc = Rc− sc, where sc is
the z-distance from the centre of the spherical cap to the
contact line, we derive,
hc = rc
1− cos(θ(rc)− α)
sin(θ(rc)− α) . (6)
For the spherical cap to touch the upper substrate, zc +
hc = L must be satisfied, where zc = (rc −R1) tanα, and
the membrane thickness L = (R2 −R1) tanα. In reduced
units, this amounts to solving,
(r′c −R′2) tanα+ r′c
1− cos(θ(r′c)− α)
sin(θ(r′c)− α)
= 0. (7)
In general this does not have analytic solutions and must
be solved numerically. Once r′c is found in this way, it is
straightforward to substitute r′ for r′c in Eq. (2) to recover
the critical pressure ∆P outc (I
′) caused by the cap contacting
the upper substrate, while the contact line radius takes an
intermediate value between R1 and R2.
If instead the contact line is pinned to the bottom of
the pore at the point of meniscus contact, as illustrated in
Fig. 3(b), the B’-type critical meniscus arises, where the
outgoing critical pressure may be simply expressed as,
∆P outc (B
′) =
2
L′ + 1L′
, (8)
where L′ = L/R1.
Intermediate (contact)
Bottom (contact)
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Figure 3: (a) Construction used to calculate the critical
pressure of the I’ state. (b) Illustration of the B’ state, with
the point of failure highlighted by a red circle.
Critical morphology existence ranges
Overall, five different critical interface morphologies may
occur: B, B’, T, I, and I’, in which the associated critical
pressures feature different dependencies on θ1, θ2, α, and
R′2. Despite this complexity, the system parameters can
be partitioned into four categories, determined based on
whether the liquid meniscus is convex (θ > α) or concave
(θ < α) at the top and bottom of the system. In Table 1,
we show which critical morphology is possible within each
category.
Table 1: The critical outgoing meniscus types able to occur
for a convex meniscus, θ > α, or concave meniscus θ < α.
θ1 > α θ1 < α
θ2 > α B, B’, I, I’ I, I’
θ2 < α B, B’ B, T
For (θ1 > α, θ2 < α), the critical meniscus must occur
when contact line is pinned to the bottom of the system
in B or B’. For (θ1 < α, θ2 > α) however, the Lapalce
pressure is negative when the contact line is at the bottom
of the pore, and positive at the top, so the critical meniscus
must occur in some intermediate state: I or I’. For (θ1 > α,
θ2 > α), the meniscus is convex for all r, meaning the B,
B’, I, or I’ states could occur. For (θ1 < α, θ2 < α), the
meniscus is concave for all r, so that the critical pressure
must either occur at the bottom of the system, as B, or
top, as T.
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Outgoing critical pressures visualisation
We now visualise how the outgoing critical pressure depends
on the four parameters θ1, θ2, α, and R
′
2. To reduce the
dimensionality of the representation, in Fig. 4 we show a
matrix of contour plots at fixed θ1 and θ2, both of which
may only take the values 10◦, 50◦, and 100◦. We choose
these values to capture the range of contact angles exhibited
by commonly used liquids and substrates, see for example
[31].
At each θ1, θ2, Fig. 4 illustrates the sets of critical pres-
sure states presented in Table 1. We now discuss the com-
petition between the states within each set, for the global
critical pressure.
When θ1 = 10
◦, α < θ2, B, B’, I, or I’ are possible,
however the I state is not observed within the range of R′2
plotted. The region of existence of B’ is shown to not
depend on θ2. This is because the B’ meniscus is pinned
to the bottom of the well, and so never experiences the
chemical gradient. Furthermore, if B’ co-exists with I’, the
I’ state must necessarily have a lower critical pressure than
B’. This is because, compared to B’, the I’ meniscus has a
wider contact line radius and smaller peak height, leading
to a greater radius of curvature and so a smaller critical
pressure. Thus, the I’ critical pressure (which does depend
on θ2) never out-competes the B’ critical pressure, leaving
the B’ region of existence unaltered by θ2. I’ is however able
to out-compete the B state, as exhibited by the B region
receding to larger R′2 values as θ2 is increased from 10
◦ to
50◦.
When θ1 = 50
◦, two additional features are observed.
The first is that the B and T states only coexist and com-
pete when θ1 > θ2 (and θ1, θ2 < α as described in Table 1,
meaning the menisci at the top and bottom of the pore are
concave). This condition must be satisfied, otherwise the
wider aperture at the top of the pore will always produce a
meniscus of larger negative critical radius, and so a greater
critical pressure, than when pinned to the bottom of the
pore. The second additional feature is that for θ2 = 100
◦,
we now observe the I state to exist over a small region
at large R′2. For I to occur, the critical meniscus must be
produced sufficiently low in the well for the peak to not con-
tact the upper substrate. This requires a delicate balance
between the chemical gradient (favouring the critical state
at the top of the pore) and the physical gradient (favouring
the critical state at the bottom of the pore), which overall
produces a narrow existence range of I.
When θ1 = 100
◦, only the B and B’ states are able to
occur, as outlined in Table 1. Because the contact line at
the critical pressure is always pinned to the bottom of the
well, θ2 has no impact on the critical pressure. Thus, all
three contour plots for θ1 = 100
◦ are identical. Since θ1 >
90◦, we also observe here the incidence of the maximum
possible critical pressure, ∆P out = 1, shown bounded by
the thick contour. This is shown in Eq. (3) to be as a
result of the B-state critical pressure occurring when the
contact line is pinned to the bottom of the well, with a
contact angle of 90◦ with respect to the horizontal axis.
Incoming critical pressures
Setup
We model the occurrence of liquid entering the pore from
above in Fig. 5. We utilise the same setup as shown in
Fig. 1, with the exception that the liquid (orange) now
enters from the top absorbent substrate, and the bottom
substrate is dry. The same linear physical and chemical
gradients are employed as before. Again, as we focus on
modelling the maximum pressure maintainable before fluid
enters the pore, the contact angles used in the analysis are
the advancing contact angles on a surface where hysteresis
is present.
The incoming Laplace pressure ∆P inr can be derived as
∆P inr = −
1
r′
sin
[
θ1 + (θ2 − θ1) r
′ − 1
R′2 − 1
+ α
]
. (9)
It can be seen that Eq. (9) can be obtained from ∆P outr
in Eq. (2) by exchanging the fluid phases, such that
θ(r′) → pi − θ(r′). This simple transformation however
will be shown to give rise to remarkably different incom-
ing and outgoing critical pressures. Again, the competition
between physical and chemical gradients gives rise to four
different variations in ∆P inr with r
′, where we have reserved
the study of the interaction between the meniscus apex and
lower absorbent substrate to the section entitled, ”Influence
of top substrate: T’ and I’”. The characteristic examples
of each shown in Fig. 6(a) illustrate the symmetry between
∆P inr and ∆P
out
r , as it is observed that by making the fluid
exchange, Fig. 2(a) is reflected in the r’ axis to yield Fig.
6(a).
Variation 1 and the top-pinned (T) critical meniscus
The first variation is shown as the dotted red line in Fig.
6(a). Here, for r′ < R′2, ∆P
in
r decreases monotonically as
r′ decreases. When r′ = R′2 however, a range of critical
pressures is possible as the contact line is pinned to the top
of the pore. This is shown as the vertical dotted red line at
r′ = R′2. The critical pressure here occurs in the top-pinned
state, labelled the T-state in Fig. 6(b), where,
∆P inc (T) = −
1
R′2
sin (θ2 + α) . (10)
Variation 2 and the bottom-pinned (B) critical menis-
cus
The second variation is shown as the dashed cyan line in
Fig. 6(a). This shows a monotonic increase of ∆P inr as
r′ is decreased. The critical pressure therefore occurs at
the point when the contact line reaches the bottom of the
system at r′ = 1, θ = θ1, labelled the B-state in Fig. 6(b).
In this case,
∆P inc (B) = − sin (θ1 + α) . (11)
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Figure 4: Matrix of R′2 - α contour plots of the outgoing critical pressure for a selection of θ1 and θ2. The outgoing
meniscus types are labelled with black circles. The boundaries between these critical types are shown as dotted black
lines. Contours are shown at intervals in ∆P outc of 0.2. For visual clarity, regions with ∆P
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’+’, and regions where ∆P outc < 0 are marked with a ’-’.
Variation 3 and the T and B critical menisci
The third variation is shown as the solid black line in Fig.
6(a). Here, a local minimum exists at intermediate values
of r′. The lower inset panel highlights the local minimum in
a vertical magnification. In this pressure variation, both the
T-state and the B-state become local maximisers of ∆P inr .
Which state globally maximises ∆P inr is found by compar-
ing Eq. (10) and Eq. (11). We perform this comparison
for selected examples of θ1 and θ2 in the Incoming critical
pressures visualisation section.
Variation 4 and the intermediate (I) critical meniscus
The fourth variation is shown as the double-dashed magenta
line in Fig. 6(a). Here, a local maximum is obsetved at in-
termediate values of r′, labelled the I-state in Fig. 6(b).
The upper inset panel in Fig. 6(a) highlights the local max-
imum in a vertical magnification. This local maximum can
be found by finding stationary points of ∆P inr in Eq. (9)
which maximise ∆P inr in the interval r
′
c ∈ [1, R′2]. This is
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Figure 5: 2D illustration of the axisymmetric pore construc-
tion and incoming meniscus profile, the axis of symmetry
shown as the thick vertical line. Liquid is shown in orange,
with air shown in white.
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achieved through solving,
1
r′c
(
θ2 − θ1
R′2 − 1
)
cos
(
θ1 + (θ2 − θ1) r
′
c − 1
R′2 − 1
+ α
)
− 1
r′2c
sin
(
θ1 + (θ2 − θ1) r
′
c − 1
R′2 − 1
+ α
)
= 0. (12)
In general, this is again not analytically solvable and instead
must be solved numerically.
Influence of top substrate: T’ and I’
When the liquid meniscus is convex, the centre of meniscus
may contact the bottom of the pore before the T-state or
I-state critical pressure is reached.
To find the critical pressure of the I-contacting state
shown in Fig. 7(a) (denoted I’), we begin by finding the
total sag depth of the liquid meniscus. This is constructed
as the sum of the depth of the contact line zc below the
pore top, and the depth of the spherical cap below this hc.
Using hc = Rc − sc, we derive,
hc = −rc 1 + cos(θ(rc) + α)
sin(θ(rc) + α)
. (13)
The spherical cap will touch the lower substrate if zc+hc =
L. In reduced units, we therefore solve,
(1− r′c) tanα− r′c
1 + cos(θ(r′c) + α)
sin(θ(r′c) + α)
= 0. (14)
In general this does not have analytic solutions and must
be solved numerically. Once r′c is found in this way, we
substitute r′ for r′c in Eq. (9) to obtain the critical pressure
∆P inc (I
′) caused by the cap contacting the lower substrate,
while the contact line radius takes an intermediate value
between R1 and R2.
If instead the contact line remains pinned to the top of the
pore at the point of meniscus contact, as illustrated in Fig.
7(b), the top-contacting critical meniscus arises (denoted
T’), where the incoming critical pressure is expressed as,
∆P inc (T
′) =
2
L′ + R
′2
2
L′
. (15)
Critical morphology existence ranges
Overall, five different critical interface morphologies may
occur: B, T, T’, I, and I’, in which the associated critical
pressures feature different dependencies on θ1, θ2, α, and
R′2. Despite this, the critical pressure types able to occur
within a system can be determined based on whether the
liquid meniscus is convex (θ+α > pi) or concave (θ+α < pi)
and the top and bottom of the system. This is presented
in Table 2.
Table 2: The critical incoming meniscus types able to occur
for a convex meniscus, θ + α > pi, or concave meniscus
θ + α < pi.
θ1 + α > pi θ1 + α < pi
θ2 + α > pi T, T’, I, I’ T, T’
θ2 + α < pi I, I’ T, B
For (θ1 +α < pi, θ2 +α > pi), the critical meniscus must
occur when contact line is pinned to the top of the system
as T or T’. For (θ1 + α > pi, θ2 + α < pi) however, the
Laplace pressure is negative when the contact line is at the
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θ1
θ2
Rc
θ+α-π
θ
rc
L
hc
zc
sc
(a)
(b)
Intermediate (contact)
Top (contact)
T'
I'
Figure 7: (a) Construction used to calculate the critical
pressure of the I’ state. (b) Illustration of the B’ state, with
the point of failure highlighted by a red circle.
top of the pore, and positive at the bottom, so the critical
meniscus must occur in some intermediate state: I or I’.
For (θ1 + α > pi, θ2 + α > pi), the meniscus is convex for
all r, meaning the T, T’, I, or I’ states could occur. For
(θ1 + α < pi, θ2 + α < pi), the meniscus is concave for all
r, so that the critical pressure must either occur at the top
of the system, as T, or bottom, as B.
Incoming critical pressure visualisation
We now visualise how the incoming critical pressure depends
on the four parameters θ1, θ2, α, and R
′
2. To reduce the
dimensionality of the representation, in Fig. 8 we again
show a matrix of contour plots at fixed θ1 and θ2, both of
which may only take the values 10◦, 50◦, and 100◦.
The incoming critical pressure contour plots in Fig. 8
show markedly different behaviour to the outgoing critical
pressure plots in Fig. 4. This is because under the range
of θ1, θ2 tested, except at large α, θ1 + α < pi and θ2 +
α < pi meaning the liquid meniscus is concave. This means
that the pore exerts a pulling force on the liquid in the
top substrate, so that to prevent liquid filling the pore, a
negative pressure must be applied.
Under such conditions, when θ1 = θ2, the T-type critical
meniscus always emerges. This is because the meniscus
has a wider contact radius at the top of the pore than the
bottom, resulting in the less-negative critical pressure at
the top of the pore. When θ1 > θ2, the B-state may out-
compete the T-state for largest critical pressure at large α
and R′2. When this happens, the high contact angle at the
bottom of the pore negates the small contact line radius,
to create a less-negative critical pressure than the T-state.
When θ1 < θ2, this time the B-state may out-compete
the T-state for largest critical pressure at small α and R′2.
This is because at the bottom of the pore, the low contact
angle creates a liquid-vapour interface with a near-spherical
shape. The associated large radius of curvature produces a
smaller negative critical pressure than the meniscus at the
top of the well.
When α is sufficiently large to enable θ1 + α > pi, the
I’ state is observed. This is because a convex meniscus
is enabled close to the bottom of the well, resulting in a
positive critical pressure.
Critical pressure asymmetry
We now define the critical pressure asymmetry, A, of a pore:
the difference between the outgoing and incoming critical
pressures,
A = ∆P outr −∆P inr . (16)
A matrix of contour plots shown in Fig. 9 illustrates the
rich and complex dependence of A on θ1, θ2, α, and R
′
2.
We identify three important values of A to consider, which
are deduced in Supporting Information (Fig. S1). A =
±1, shown as the thick contour, is the maximum possible
asymmetry for a doubly-closed cylindrical pore when R2 →
∞. A = ±√2 shown as the doubly-thick contour, is the
maximum possible asymmetry for a semi-open cylindrical
pore. A = 2 is the maximum possible asymmetry for any
pore. Recently a semi-open pore has been developed which
approaches this maximum [25]. We now discuss the features
of the critical pressure asymmetries.
It is initially observed that for the range of parameters
shown in Fig. 9, A is never negative. This can be proved to
be true in general for all α < pi/2, shown in the Supporting
Information (Fig. S2). Thus, for α < pi/2, a conical pore
will always preferentially intake liquid than expel it.
For θ1 = 10
◦, the critical pressure asymmetry remains
small. When θ1 < α, A is small because both the incoming
and outgoing critical pressures are negative (with the mag-
nitude of the outgoing being smaller than the incoming).
When θ1 > α, A is also small as although the outgoing
critical pressure is positive, it is never large. This is be-
cause ∆P outc (B) is small due to the low contact angle, and
∆P outc (I
′) is small due to the large contact radius. Overall,
the asymmetry is dominated by the negative contribution
from the incoming critical pressure, rather than the out-
going critical pressure. Because of the dominance of the
incoming critical pressure, the maximal A occurs on the
boundary between the incoming B and T critical meniscus
types.
For θ1 = 50
◦, a similar picture emerges. However, now
for θ1 > α, the B- or B’-type outgoing critical pressure is
able to be large and positive. In this region, we therefore
begin to see larger A as the contribution of the outgoing
critical pressure becomes more significant. The competition
also becomes apparent between intermediate positive out-
going critical pressures (at small α, large R′2), and large neg-
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Figure 8: Matrix of R′2 - α contour plots of the incoming critical pressure for a selection of θ1 and θ2. The incoming
meniscus types are labelled with white circles. The boundaries between these critical types are shown as dotted black
lines. Contours are shown at intervals in ∆P inc of 0.05. For visual clarity, regions with ∆P
in
c > 0 are marked with a ’+’,
and regions where ∆P inc < 0 are marked with a ’-’.
ative incoming critical pressures (at intermediate α, small
R′2). The maximum asymmetries occur as an optimal com-
promise between these extremes, at intermediate α and R′2.
In contrast to θ1 = 10
◦, the maximum asymmetries now
occur along an outgoing boundary.
For θ1 = 100
◦, very large asymmetries are observed,
exceeding A = 1 in all panels examined, and exceeding
A =
√
2 when θ2 = 50
◦. Here, the large θ1 enables large
∆P outc (B/B
′). Thus, the competition between large out-
going and incoming critical pressures observed for θ1 = 50
◦
becomes here more extreme. Interestingly, now that both
the outgoing and incoming critical pressures are able to
contribute equally to A, the maximum asymmetries are
observed at points where an outgoing-type boundary and
incoming-type boundary cross. This is most apparent when
θ1 = 100
◦, θ2 = 50◦, where at the junction between
the outgoing B/B’ boundary and incoming T/B boundary,
A >
√
2.
Optimum asymmetry
We observe in Fig. 9 that the (α, R′2) coordinate that max-
imises the asymmetry depends on both θ1 and θ2. We now
investigate the maximum possible asymmetry for a speci-
fied α and R′2, by varying θ1 and θ2. This is achieved by
evaluating the asymmetry at each (R′2,α) coordinate, when
θ1 and θ2 are iteratively incremented in 2
◦ steps from 0◦
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Figure 9: Matrix of R′2 - α contour plots of the critical pressure asymmetries for a selection of θ1 and θ2. The outgoing
meniscus incoming meniscus pair types are labelled with black and white circles. The boundaries between these critical
types are shown as dotted black lines. Contours are shown at intervals in A of 0.2. Two significant A contours are also
highlighted, A = 1 (thick black line), and A =
√
2 (white-centred black line).
to 180◦. The overall optimum asymmetry is shown in Fig.
10(a), with the associated optimal θ1 and θ2 shown in Fig.
10(b) and Fig. 10(c) respectively.
Overall, we can conclude that the maximum possible
asymmetry, A = 1.46, occurs at: α = 41◦ ± 5◦, R′2 =
1.70 ± 0.05, θ1 = 104◦ ± 2◦ and θ2 = 49◦ ± 2◦. Un-
certainties reported indicate the resolution with which the
quantities were determined. Across all α and R′2, a key
trend we observe is that a high contrast between θ1 and
θ2 is required in order to produce maximum asymmetries
(a homogeneous contact angle will not in general maximise
A). We also observe that θ1 and θ2 vary non-monotonically
with both α and R′2, due to changes in the critical meniscus
type.
We now examine the critical meniscus types observed
to achieve maximum asymmetry. For the outgoing criti-
cal pressure, the observed strategy for maximising A is to
ensure the contact line remains pinned to the bottom of the
pore in the B or B’ state, thereby ensuring ∆P outc remains
large and positive.
The incoming critical meniscus type is however more vari-
able, particularly in the region where the outgoing critical
meniscus is the B-state in the upper right-hand sides of the
plots in Fig. 10. Here, the incoming meniscus may be in
the I’, T or B states. In the region where I’ is dominant,
the incoming critical pressure is positive, making this region
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contours mark the δ = 0 level. Note the larger scale bar range in (b).
unique across all α and R′2. To maximise the asymmetry
in this region, the most effective strategy is to maximise
∆P outc using θ1 ≈ α + pi/2, at the expense of enabling a
positive incoming critical pressure. However, the large value
of α ensures ∆P inc is never too large, and is minimised fur-
ther by setting θ2 = 0
◦.
When the I’ state does not occur however, the B and
T incoming states compete for the largest negative ∆P inc .
As is observed in Fig. 8, the largest negative critical pres-
sures occur on the boundary between B and T (where this
boundary exists). Thus, over the extended region outlined
with diffuse dotted lines in Fig. 10, the incoming critical
pressure is equally described by both the B and T states.
Finally, we examine the cooperativity of the chemical and
physical gradients in producing the critical pressure asym-
metry. We do this by comparing the optimal critical pressure
asymmetry to ’the sum of its parts’: the cooperativity δ is
defined as
δ = A−
(
Acylhet +A
con
hom
)
. (17)
At each (R′2, α) coordinate, A
cyl
het is evaluated as the critical
pressure asymmetry of a cylindrical pore, with a chemical
gradient the same as the optimal chemical gradient shown
in Figs. 10(b) and (c). For a fair comparison, we also
ensure the pore depth L is the same for the cylindrical and
conical pores at each (R′2, α) coordinate. A
con
hom is the
critical pressure asymmetry for a chemically homogeneous
conical pore. A number of choices exist in deciding which
homogeneous contact angle most fairly compares to the
optimal chemical gradient. We show in Fig. 11 the two
limiting cases, when the homogeneous contact angle is: (i)
the optimal θ1 at each (R
′
2, α) coordinate; (ii) the optimal
θ2 at each (R
′
2, α) coordinate. To distinguish these two
limiting cooperativities, we label these δ1 in Fig. 11(a),
and δ2 in Fig. 11(b) respectively.
In Fig. 11(a), over the majority of the (R′2, α) plane,
the cooperativity δ1 > 0, meaning that the optimal asym-
metry (arising from both physical and chemical gradients)
is greater than the sum of asymmetries arising from the
physical gradient and chemical gradient separately. Thus,
the physical and chemical gradients act together to produce
the high optimal asymmetries. The exceptions to this, when
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δ1 < 0 within the solid black contours, arise when the opti-
mal asymmetry is almost wholly achieved through the con-
ical shape and not the chemical patterning. As Acylhet > 0,
in these cases, the optimal asymmetry is less than the sum
of its parts.
In Fig. 11(b), we observe an extended region at interme-
diate values of α for which the cooperativity δ2 > 1. This
very large, positive cooperaitvity is caused in this region by
the occurrence of the I-type outgoing critical meniscus for
the homogeneous conical pore. The I-type outgoing critical
pressure is smaller than the B- or B’-types, hence Aconhom is
small, leading to the large δ2 observed. The impact of B- or
B’-type outgoing critical pressures instead of I can be seen
in Fig. 11(a). Here, the outgoing type is always B or B’,
leading to a larger Aconhom, and hence a smaller δ1.
Summary and conclusions
Here we have calculated the maximum Laplace pressures
(the critical pressures) required for fluid to both enter and
leave a conical, chemically-patterned pore, sandwiched be-
tween two absorbent substrates. Across the range of pore
designs considered, we found the Laplace pressure to de-
pend on the contact line radius in four different manners;
of which two of these arose from a competition between the
physical and chemical gradients. This interaction between
the two gradients produced three different critical menisci,
where the contact line was: pinned to top of the pore,
pinned to the bottom of the pore, or located in between.
The presence of the top and bottom substrates produced
an additional two critical menisci, due to premature contact
of the liquid-vapour interface with the substrates.
We then analysed the critical pressure asymmetry, the dif-
ference between incoming and outgoing critical pressures, as
a measure of the efficacy of the fluid diode across a range
of pore geometries. For the pores considered with an open-
ing angle α < 90◦, the outgoing pressure was always shown
to be larger than the incoming pressure. Furthermore, the
maximum asymmetry did not in general occur due to the
dominance of either the incoming or outgoing critical pres-
sure individually, but as a compromise between the two.
Finally, we optimised the chemical pattering to produce
maximal critical pressure asymmetries across the range of
pore geometries, showing that a large chemical gradient is
required to produce large asymmetries. Across the majority
of pore opening angles α and maximum radii R2, we showed
that the optimum asymmetry for the pore with both phys-
ical and chemical gradients was greater than the sum of
asymmetries of pores with physical gradients and chemical
gradients separately. The physical and chemical gradients
therefore act together cooperatively to achieve the largest
critical pressure asymmetries.
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Supporting information
Critical pressure asymmetry limits
B
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Figure S1: Illustrations of the constructions used to cal-
culate the significant critical pressure limits. (a) Critical
pressure types for a fully enclosed pore as R′2 → ∞. The
maximum asymmetry here is A = 1. (b) Critical pressure
types for a half-enclosed cylindrical pore. The maximum
asymmetry here is A =
√
2. (c) Maximum possible asym-
metry on a structured pore. The maximum asymmetry is
A = 2.
In Fig. S1, we define the critical pressure asymmetry
limits we use in the main text. The first highlighted asym-
metry, A = 1, is the maximum possible asymmetry for a
doubly enclosed conical pore when R2 → ∞, illustrated in
Fig. S1(a) for R2 →∞. When θ1 > α+ pi/2 and L′ > 1,
but θ1 + α < pi and θ2 + α < pi, then ∆P
out
c (B) = 1 and
∆P inc (T )→ 0, leading to A→ 1.
The second highlighted asymmetry, A =
√
2, is the
maximum possible asymmetry for a half-open cylindrical
pore, illustrated in Fig. S1(b). Here, if θ1 = θ2 = pi/4,
then ∆P outc =
√
2/2 and ∆P inc (T ) = −
√
2/2, leading to
A =
√
2
The third highlighted asymmetry, A = 2, is the maxi-
mum possible asymmetry for any pore geometry, illustrated
in Fig. S1(c). Here, a lip structure is required on a half-
open pore, with θ1 = θ2 = 0. As the lip width w → 0,
∆P outc → 1 and ∆P inc → −1, leading to A → 2. Such
an intricately patterned pore design has been recently de-
veloped [25]. The disadvantage of this geometry is that
it required complex manufacturing procedures, and is not
suitable for enclosed-pore applications.
Proof of A > 0
Here we prove that for α < pi/2, the asymmetry A > 0.
In Fig. S2(a), we introduce the angle βo, which determines
the sign and magnitude of the reduced outgoing pressure
at a fixed contact line radius. We define βo with respect
to the horizontal axis, such that βo = θ − α. If βo > 0,
the meniscus is convex, whereas if βo < 0, the meniscus is
concave. The larger the |βo|, the larger the magnitude of
the outgoing Laplace pressure. In Fig. S2(b), we introduce
the angle βi, which determines the sign and magnitude of
the reduced incoming pressure at a chosen contact line ra-
dius ro. We define βi with respect to the horizontal axis,
such that βi = θ + α − pi. If βi > 0, the meniscus is
convex, whereas if βi < 0, the meniscus is concave. The
larger the |βi|, the larger the magnitude of the incoming
Laplace pressure. When the contact line is at the same lo-
cation in the pore for the outgoing and incoming interface,
we ask whether it is possible for βo < βi. This is only
possible if α > pi/2, which would require an an inverted
pore. For α < pi/2 considered here, βo > βi at all contact
line radii. It therefore follows that ∆P outr (ro) > ∆P
in
r (ro).
Since ∆P outc is the maximum of ∆P
out
r (r), and ∆P
in
c is the
maximum of ∆P inr (r) for r ∈ [1, R2], then it is necessarily
true that for α < pi/2, ∆P outc > ∆P
in
c , so that A > 0.
(a)
θ
α
βo
ro
α
βiθ
ro
(b)
Figure S2: Construction of the incoming (a) and outgoing
(b) meniscus of a single pore for a fixed contact line radius
ro.
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